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ABSTRACT: This study revisits the axisymmetric tropical cyclone (TC) theory fromD. K. Lilly’s unpublished manuscript

(Lilly model) and compares it to axisymmetric TC simulations from a nonhydrostatic cloudmodel. Analytic solutions of the

Lilly model are presented through simplifying assumptions. Sensitivity experiments varying the sea surface, boundary layer

and tropopause temperatures, and the absolute angular momentum (M) at some outer radius in the Lilly model show that

these variations influence the radial structure of the tangential wind profile V(r) at the boundary layer top. However, these

parameter variations have little effect on the inner-core normalized tangential wind,V(r/rm)/Vm, whereVm is the maximum

tangential wind at radius rm. The outflow temperatureT‘ as a function ofM (or saturation entropy s*) is found to be the only

input that changes the normalized tangential wind radial structure in the Lilly model. In contrast with the original as-

sumption of the Lilly model that T‘(s*) is determined by the environment, it is argued here that T‘(s*) is determined by the

TC interior flow under the environmental constraint of the tropopause height. The present study shows that the inner-core

tangential wind radial structure from the Lilly model generally agrees well with nonhydrostatic cloud model simulations

except in the eyewall regionwhere the Lilly model tends to underestimate the tangential winds due to its balanced-dynamics

assumptions. The wind structure in temperature–radius coordinates from the Lilly model can largely reproduce the nu-

merical simulation results. Though the Lilly model is based on a number of simplifying assumptions, this paper shows its

utility in understanding steady-state TC intensity and structure.
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1. Introduction
Tropical cyclones (TCs) are a severe hazard for coastal areas

given their devastating power. Studies have shown that the

amount of economic loss is not only because of TC intensity but

also because of the associated rainfall amounts and storm

surge, which depend on TC size and strength (Iman et al. 2005;

Irish et al. 2008). Therefore, increasing attention is being di-

rected to TC structure (Ying and Zhang 2012; Chan and Chan

2014; Xu andWang 2010, 2015, 2018). Most of these studies use

either numerical model simulations or statistical analysis of

observational data. Though the theoretical work on maximum

TC intensity has been quite well studied, there have been few

attempts to develop a theory for TC structure (Shutts 1981;

Emanuel 1986, hereafter E86; Emanuel 2004, hereafter E04;

Emanuel and Rotunno 2011, hereafter ER11; Chavas et al.

2015, hereafter CLE15) or evaluate a TC structure theory from

observational and modeling data (Stern and Nolan 2009; Tao

et al. 2019). Numerical models today can quite realistically

represent the 3D structure of TCs through all stages; however,

the physical and mathematical understandings underlying the

numerical-model-derived TC structures and evolutions are still

lacking.

Given the circular structure of mature TCs, the axisym-

metric assumption is a reasonably well justified simplification

of the structure during TC development after slantwise neu-

trality is established (Peng et al. 2019), especially during the

TC’s rapid intensification and steady-state stages. The steady-

state TC inner-core structure was theoretically considered in

D. K. Lilly (1986, unpublished manuscript, see online supple-

ment, hereafter L86) as well as in a series of other papers (E86;

E04; ER11; CLE15). A detailed comparison of these theories is

presented in section 2. One outstanding contribution of L86 is

the explicit introduction of the outflow temperature T‘ as a

function of entropy s (or absolute angular momentum M) to

close the equations. In ER11, the authors hypothesize that

T‘(M) is determined by the TC vortex itself through small-

scale turbulent mixing in the outflow that depends on a critical

Richardson number. In contrast, L86 takes T‘(s) as given

by the environmental thermodynamic sounding. In either ap-

proach, the radial profile of tangential wind at the boundary

layer top V(r) is directly connected to the outflow temperature

stratification T‘(s). We will discuss the question of how T‘(s)

is determined in section 2.

The purpose of this paper is to bring the unpublished L86 to

light and further extend that work, which we believe will help

in the understanding of steady-state TC structures. In this pa-

per, we will present the derivations in L86 and examine the

extent to which the theory can explain TC structure from nu-

merical model simulations. Hereafter, we denote the theory

developed in L86 as the Lilly model. This paper is organized as

follows. Section 2 revisits the basic equations of the Lilly model

and compares it with the existing theories presented in E86,

E04, ER11, and CLE15. Section 3 introduces the analytic so-

lutions for the governing equations in the Lilly model with

further simplifications. Section 4 shows the dependence of the

Supplemental information related to this paper is available at

the Journals Online website: https://doi.org/10.1175/JAS-D-20-

0057.s1.

Corresponding author: Dandan Tao, ddantao@colostate.edu

NOVEMBER 2020 TAO ET AL . 3701

DOI: 10.1175/JAS-D-20-0057.1

� 2020 American Meteorological Society. For information regarding reuse of this content and general copyright information, consult the AMS Copyright
Policy (www.ametsoc.org/PUBSReuseLicenses).

D
ow

nloaded from
 http://journals.am

etsoc.org/jas/article-pdf/77/11/3701/5008026/jasd200057.pdf by C
olorado State U

niversity Libraries user on 02 N
ovem

ber 2020

https://doi.org/10.1175/JAS-D-20-0057.s1
https://doi.org/10.1175/JAS-D-20-0057.s1
mailto:ddantao@colostate.edu
http://www.ametsoc.org/PUBSReuseLicenses
http://www.ametsoc.org/PUBSReuseLicenses
http://www.ametsoc.org/PUBSReuseLicenses


Lilly model solutions on different dynamic and thermodynamic

input parameters. Section 5 compares the results from full-

physics model simulations with those from the Lilly model.

Section 6 summarizes the present findings and discusses the

potential application of the Lilly model in understanding TCs.

2. The Lilly model

a. The Lilly model reconsidered

Although the basic features of the Lilly model are available

in the existing literature (Emanuel et al. 1985; Lilly andEmanuel

1985; E04), there are several aspects that are not available

in these papers as they appeared in an earlier document

(D. K. Lilly 1979, unpublished manuscript, hereafter L79;

see supplement). We believe these aspects are useful for in-

terpretation of the Lilly model and therefore we incorporate

L79 into the following.

The principle assumptions of steady-state and frictionless

flow above the TC boundary layer as well as axisymmetry and

pseudoadiabatic thermodynamics (Bryan 2008) lead to the

following equation:

h

r
d
r
1

1

2r2
dM2

dc
1T

ds

dc
5
dE

dc
1

d

dc

�
1

2
fM

�
, (1)

where rd is the density of dry air,T is the absolute temperature,

f is the Coriolis parameter, s is the actual entropy (for both

unsaturated and saturated air), c is the streamfunction defined

by rdu5 (1/r)›c/›z and rdw52(1/r)›c/›r,M[ ry 1 (1/2)fr2,

h[ ›u/›z2 ›w/›r, E[ (1/2)(u2 1 y21 w2)1 gz1 cpT1 Loq.

The expression for E contains the wind components (u, y, w)

in the cylindrical coordinates (r, f, z), gravity (g), the water

vapor mixing ratio (q), the latent heat of vaporization (Lo)

and the specific heat of air at constant pressure (cp). A detailed

derivation of (1) can be found in appendix B of Bryan and

Rotunno (2009a).

The assumption of steady, inviscid, axisymmetric flow

allows the f–momentum equation to be written as J(c, M) [
(›c/›r)(›M/›z)2 (›c/›z)(›M/›r)5 0, which impliesM5M(c).

Similarly, for a pseudoadiabatic moisture process we have

J(c, s)5 0 and therefore, s5 s(c). Also, for steady, inviscid,

pseudoadiabatic, axisymmetric flow, it can be shown that

J(c, E)5 0, and therefore, E5 E(c). L79 observes that (1) is a

‘‘Long’s equation’’ (Yih 1965, chapter 3), which is a nonlinear

partial differential equation for c since h 5 ›u/›z 2 ›w/›r 5
(›/›z)[(1/rdr)(›c/›z)] 1 (›/›r)[(1/rdr)(›c/›r)] with M, s and E

all known functions of c (the boundary conditions are there-

fore on c). In the limit of constant entropy (ds/dc 5 0), (1)

has been used to describe rotating axial flow in tubes with

M(c) and E(c) given upstream [e.g., Yih (1965), chapter 6.7;

Batchelor (1967), chapter 7.5], while in the case of nonrotating

(M5 0) density-stratified flowwith s(c) andE(c) given upstream,

(1) has been used to describe mountain waves (Yih 1965, chapter

3.7; Long 1955). In these examples, the functionsM, s, and E are

considered known functions of c at some upstream location.

In L79 and L86, the implications of the idealized TC

obeying a type of Long’s equation were not explored, but as

shown here, they offer insights into questions surrounding the

determination of T‘(s). In the case of a tropical cyclone, the

flow rising out of the boundary layer must per force be

considered as ‘‘upstream.’’ How canM(c), s(c), and E(c) be

determined at the top of the boundary layer? The authors

are not aware of any general method to determine these

functions other than a boundary layer model or direct ob-

servation; however, the full form (1) allows the following

inferences. In the limit as r/‘ (with finite numerators), the

first two terms on the left-hand side of (1) vanish and (1)

reduces to

T
‘

ds

dc
5

d

dc

�
E1

1

2
fM

�
, (2)

which impliesT‘5T‘(c). SinceM, s, andE are all functions of

c, T‘ can be considered a function of any one of them; L86

chooses T‘ 5 T‘(s). Equation (2) makes it plain that taking (1)

to the limit r / ‘ does not eliminate the unknown function

(d/dc)[E 1 (1/2)fM] but merely transforms it to another un-

known function, T‘(s). L79 and L86 assumed that T‘(s) can

be taken from an unperturbed environmental sounding.

However, (2) shows that the Lilly model requires an inter-

nal consistency between T‘(s) and the distributions of s and

E1 (1/2)fM ‘‘upstream,’’ or rather, at the top of the boundary

layer at locations where the flow is upward.We return below to

the discussion of T‘(s).

Substituting (2) into (1) gives

h

r
d
r
1

1

2r2
dM2

dc
52[T2T

‘
(s)]

ds

dc
, (3)

which, based on the foregoing discussion, we understand as

applying to the interior flow that issues up from the boundary

layer and subsequently flows radially outward while retaining

the relationsM(c), s(c), and E(c). L79 proceeds to neglect the

first term on the left-hand side of (3) based on the hydrostatic

and gradient wind approximations that reduces (3) to an or-

dinary differential equation; from a physical standpoint, the

connection to the flow in the r–z plane is no longer in evidence

since the differential dc drops out. Then we have

M52[T2T
‘
(s)]r2

ds

dM
, (4)

which simplifies (3), but does not change the relation (2), which

says T‘(s) must be compatible with upstream conditions on

M(c), s(c), and E(c). In fact one can say, based on (2), that

specifying the ‘‘downstream’’ T‘(s) is tantamount to specifying

the ‘‘upstream’’ (d/ds)[E 1 (1/2)fM]. The above discussion

implies that the Lilly model only applies to the flow being

upward from the boundary layer, which is mostly near the inner

radii of the TC vortex. Since the Lilly model is only valid where

the air flows out of the boundary layer, the air is mostly satu-

rated and therefore we will use s* for the entropy in the fol-

lowing derivations.

Using a ‘‘slab’’ boundary layer model, one finds

ds*

dM
5

C
k

C
d

s*2 s
s
*

M2
1

2
fr2

� � , (5)
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where ss* is the saturation entropy of air in contact with the

sea surface, s* is the saturation entropy at the boundary layer

top, and Ck and Cd are the exchange coefficients for enthalpy

and momentum, respectively.

Using (5) in (4) to solve for r2, and focusing on the

boundary layer top with assumed-constant temperature

Tb, we obtain

r2 5
M

1

2
f 1

C
k

C
d

(T
b
2T

‘
)(s

s
*2 s*)

M

. (6)

Using (6) to replace r2 in (5) yields

dM

ds*
52

(T
b
2T

‘
)

1

2
f 1

C
k

C
d

(T
b
2T

‘
)(s

s
*2 s*)

M

. (7)

To obtain ss*(r), the derivation proceeds from the first law

of thermodynamics,

Tds*5 c
p
dT2

dp

r
1L

o
dq*, (8)

where q* is the saturationmixing ratio and p is the pressure. By

approximating the saturation mixing ratio as q*5 0.622e(T)/p,

the differential can be represented as

dq*5 0:622

�
de

p
2 e

dp

p2

�
5q*

�
de

e
2

dp

p

�
, (9)

where e(T) is the saturation vapor pressure. For the idealized

condition of a constant sea surface temperature, de 5 0, since

dTs 5 0. Using (9) in (8) with a constant sea surface temper-

ature yields

T
s
ds

s
*52

dp
s

r
s

2L
o
q
s
*
dp

s

p
s

, (10)

where the subscript s indicates the sea surface. Utilizing the

ideal gas law, ps5 rsRTs, whereR is the gas constant for dry air,

(10) becomes

ds
s
*52g3

dp
s

r
s

, (11)

with g[ (RT
s
1L

o
q
s
*)/(RT2

s ) . (12)

Last, gradient wind balance is used to link ss* with M. In

terms of the tangential velocity V, gradient wind balance is

expressed as

1

r

›p

›r
2

�
f 1

V

r

�
V5 0, (13)

which can be written in terms of M as

1

r

›p

›r
5
M2 2 f 2r4/4

r3
. (14)

Assuming the pressure gradient at the boundary layer top

is the same as the pressure gradient at the sea surface, we

obtain dss*/dr by dividing (11) by dr and then using (14)

such that

ds
s
*

dr
52g3

�
M2 2 f 2r4/4

r3

�
. (15)

With the further specification of

T
‘
5T

‘
(s*) (16)

{or equivalently (d/ds*)[E 1 (1/2)fM]}, the system of equations

is closed since, in effect, the ‘‘upstream’’ (the top of the boundary

layer) relations amongM, s*, and E are specified by virtue of (2).

With s* as the independent variable, the four equations

of (6), (7), (15), and (16) form a complete set in the dependent

variables ofM, ss*, r, and T‘. Given the inputs of Tb andM, ss*, s*

at some radius r0 [determined by (6)] (M0, ss0* , s0*),M, ss*, r, andT‘

can be solved for numerically. These four equations constitute

the Lillymodel, which provides a theoretical solution for steady-

state axisymmetric TC inner-core structure.

b. The Lilly model compared with other similar models
In a parallel development, (4) was derived by E86 on

different grounds by assuming from the outset hydrostatic

and gradient wind balance, and slantwise moist neutrality,

which implies the saturation entropy s* 5 s*(M). Both E86

and the Lilly model connect the interior equation, (4), to

the boundary layer using the slab model, (5), which technically

gives a relation between the unsaturated boundary layer s and

M. Section 3 of E04 reasons that s inside the boundary layer

equals s* at the boundary layer top only for upward motions

from the boundary layer. Hence, although E86 and the Lilly

model are derived on different grounds, both are only valid for

flow upward from the boundary layer, which is mainly near the

inner radii of the TC (Fig. 3 of E04).

Both approaches also share the uncertainty of how to

specify T‘(s*). L86 assumed that T‘(s*) is set by the un-

perturbed environment. E86 distinguished an inner region where

(4) and (5) are valid and assumed T‘(s*) 5 To, a constant;

E86 considered the outer region as characterized by radiative-

convective equilibrium with boundary layer relative humidity

assumed to have a constant value of 80% (Fig. 5 of E86). ER11

attempted to improve the inner-region calculation of E86

by hypothesizing that T‘(s*) is internally determined through

small-scale turbulent mixing in the outflow region and showed

that the tangential velocity distribution at the top of the

boundary layer V(r) has a fundamental relation to T‘(s*)

[ER11 used T‘(M)]. Their closure of T‘(M) and small-scale

mixing involves a number of simplifying assumptions of

varying validity (Tao et al. 2019). One purpose of the present

paper is to revisit some of the simple solutions given in L79

for V(r) with simple assumed forms of T‘(s*). These simple

solutions show that the fundamental connection between

T‘(s*) and V(r) at steady state does not depend on any par-

ticular physical model (such as small-scale instability) for

T‘(s*), but rather, is a consequence of the assumptions un-

derlying the basic model (4) and (5). Another purpose of this

paper is to point out that the Lilly model, understood as a type

of Long’s equation, implies that T‘(s*) is determined from
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the TC interior, and in this aspect, is similar to ER11. We

provide evidence for the validity of (2) in section 5d.

From the above discussion it is clear that the Lilly model and

ER11 do not apply to the TC outer region where the motion is

mostly downward into the boundary layer. The solution for

the TC outer subsidence region has been presented in E04.

CLE15 constructed a model for V(r) by matching the E04 so-

lution for the outer radii with the ER11 solution for the inner

radii and found reasonable agreement with observations, es-

pecially in the outer region. A comparison of the Lilly model

and the other models discussed here is summarized in Table 1.

Note that the Lilly model presented in this study (TRB20) is

built upon L79/L86 but has a different interpretation of T‘(s*).

3. Analytic solutions of the Lilly model with
further simplifications
According to the discussion in the previous section, the outflow

temperature T‘(s*) is determined by the upstream relation

among s*, M, and E, which is unknown. To demonstrate the

connection between T‘(s*) and the upstream structure at the

boundary layer top, we take T‘(s*) as a given function. In this

section, analytic solutions of the Lilly model with further simpli-

fications are provided. The inputs of Tb, ss0* , s0*, and M0 are Tb 5
269.87K,1 s*, s0*5 5856:26 JK21kg21, ss0* 5 5940:13 JK21kg21,

and M0 5 1.5 3 106m2 s21, which are chosen from a model

simulation described in section 5. In practice, these inputs can

be a set of any reasonable values drawn from climatology or

any case study. The nonzero Coriolis parameter used in this

section is f 5 5 3 1025 s21, while the nonzero g is 0.0056K21

calculated based on a sea surface temperature of 301.15K.

a. Linear T‘(s*) with f 5 0 and g 5 0
A simplified version of the foregoing model can be obtained

with f 5 0 and g 5 0. The first assumption is well justified for

the inner core of mature TCs, where V � fr given f 5 5 3
1025 s21. The second assumption is justified by the small

g(;0.0056K21) so that the variation of ss* with radius can be

neglected. This simplification allows a closed-form analytic

solution, which facilitates the understanding of the dependence

of intensity and structure on the outflow temperature profile

(16). With f 5 0 and g 5 0, (6) and (7) become

V2 5
C

k

C
d

(T
b
2T

‘
)(s

s0
* 2 s*), (17)

and

ds*

dM
52

C
k

C
d
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s0
* 2 s*)

M
, (18)

respectively, where by (15), ss*5 ss0* for all radii.

Approximating (16) by a linear function gives

T
‘
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b
2A(s*2 s

0
*) , (19)
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1 This Tb value is the temperature on the sounding that has the

minimum s*. More details can be found in section 5c.
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whereA is a constant that determines the sounding slope and s0* is

the boundary layer–top saturation entropy at the outer radius r0.

Using (19) in (17),

V2 5
C

k

C
d

A(s*2 s
0
*)(s

s0
* 2 s*). (20)

To determine the maximumV, we consider ›V/›s*js*5sm* 5 0,

to find

s
m
* 5

1

2
(s

s0
* 1 s

0
*). (21)

Note that the subscriptm indicates the values at the radius of

maximum wind for all parameters. Using (21) in (20),

V
m
5
1

2

�
C

k

C
d

A

�1/2

(s
s0
* 2 s

0
*). (22)

Eq. (18) can be used to obtain M as a function of s* by in-

tegration inward from the outer radius r0 where (M, s*)5
(M0, s0*), which gives

M

M
0

5
s
s0
* 2 s*

s
s0
* 2 s

0
*

� �Cd /Ck

. (23)

From (21) and (23), we have

M
m
5M

0

�
1

2

�Cd/Ck

; (24)

using (22) and the definition of M with f 5 0 then gives,

r
m
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M
0

1

2

� �Cd/Ck

1
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C
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C
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� �1/2

(s
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0
*)

(A)21/2 . (25)

Dividing (20) by V2
m gives

V2

V2
m

5
4(s*2 s

0
*)(s
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* 2 s*)

(s
s0
* 2 s

0
*)2

. (26)

EliminatingM0 between (23) and (24) allows the normalized

M to be expressed as

�
M

M
m

�2
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s
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*2 s*

s
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m
*

�2Cd/Ck

5
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2
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*2 s*
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0
*

�2Cd/Ck

, (27)

which can be solved for s* as

s*5 s
s0
* 2

�
s
s0
*2 s

0
*

2

��
rV

r
m
V

m

�Ck/Cd

. (28)

After setting ~V5V/Vm, ~r5 r/rm, using (28) in (26) and re-

arranging, we have

~V2 2 2(~r ~V)
Ck/Cd 1 (~r ~V)

2Ck/Cd 5 0, (29)

which gives the relation between ~V and ~r; the special case

Ck/Cd5 1 gives ~V5 2~r/(11 ~r2), which is the same as Eq. (36) of

ER11 with f 5 0. Note ~V(~r) has no dependence on A in this

linear-sounding case; the ratio of Ck/Cd can modify ~V(~r)

such that a smaller Ck/Cd leads to a broader structure

(Fig. 1a). This dependence on Ck/Cd is consistent with

the analytic solution Eq. (36) of ER11 (Fig. 1b). Though

the normalized profile of Ck/Cd 5 0.5 from (29) is broader

than the ER11 result, we present evidence below show-

ing that more realistic forms of the outflow temperature

sounding can have a strong effect on narrowing the theo-

retical ~V(~r).

The present numerical solutions of the Lilly model with

Ck/Cd 5 1, f 5 0, g 5 0 and the linear dependence of out-

flow temperature on moist entropy, (19) (Fig. 2), agree with

the analytic solution to within round-off error. With in-

creasing A, the maximum tangential wind Vm increases and

the radius of maximum wind rm decreases (Figs. 2a,d) as

dictated by (22) and (25). The normalized tangential wind

profiles as a function of normalized radius (Fig. 2b) are in-

dependent of A as expected from (29). The corresponding

s* and ss* in the normalized radius coordinate are the same

for all A values (Fig. 2e). It is consistent with (21) that sm*

is determined by the inputs of ss0* and s0*, while it has no

dependence on A (Fig. 2c). Under the assumed conditions,

the air–sea disequilibrium decreases with decreasing ra-

dius (Fig. 2f).

b. Linear T‘(s*) with f 5 0 and g 6¼ 0

If we keep f 5 0 and allow g 6¼ 0, the sea surface saturation

entropy should increase toward the center according to (15). If

we assume a linear increase in

s
s
*5 s

s0
* 1 «(s*2 s

0
*) , (30)

where « is a constant in the range 0 to 1, then (6) becomes

V2 5
C

k

C
d

(T
b
2T

‘
)[s

s0
* 2 s*1 «(s*2 s

0
*)] . (31)

Using (19) in (31) and repeating the procedure of finding

sm* and Vm, we find

s
m
* 5

(s
s0
* 1 s

0
*2 2«s

0
*)

2

1

(12 «)
, (32)

so that

V
m
5

1

2

�
C

k

C
d

A

�1/2

(s
s0
* 2 s

0
*)(12 «)

21/2
, (33)

which illustrates that allowing for an inward increase of ss*

produces a larger Vm [cf. (33) and (22)]. Note that a constant

« is assumed only for deriving an explicit analytic solution in

(31) and is not necessary for the Lilly model in which ss* is it-

eratively calculated by (15).

The numerical results from the Lilly model with Ck/Cd 5 1,

f5 0, g 6¼ 0, and the linear dependence of outflow temperature

on moist entropy (19) are shown in Fig. 3. In this case, the

normalized radial profile of tangential wind varies with dif-

ferent A such that the larger the A, the broader the radial
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profile (Figs. 3a,b). Given the same A, the outflow tempera-

tures at Mm are much lower in Fig. 3c than those in Fig. 2c.

Meanwhile, the Vm (rm) values in Fig. 3d are larger (smaller)

than those shown in Fig. 2d. Consistent with (15), ss* increases

with decreasing radius and the rate of increase is greater with

larger A (Fig. 3e). However, because the increase rate of s* is

larger than that of ss*, the air–sea disequilibrium still decreases

with decreasing radius (Fig. 3f).

c. Exponential T‘(s*) with f 5 0 and g 5 0
In simulated TC outflows (see section 5), s* increases with

height near the tropopause, while the temperature tends to a

constant, which indicates the inadequacy of the linear function

(19) near the tropopause. Following L86, we examined an ex-

ponential sounding T‘(s*) that has a tropopause (Fig. 4c):

T
‘
5T

t
1DT3 exp[2B(s*2 s

0
*)] , (34)

FIG. 1. Normalized tangential winds plotted against the normalized radius for the (a) analytic solution from (29),

(b) analytic solution from (36) of ER11 with f5 0, (c) solution from (44) with B5 0.05K kg J21, (d) solution from

(44) with B 5 0.2K kg J21, (e) solution from (44) with B 5 50K kg J21, and (f) analytical solution from (46) and

(49). Dotted lines are for Ck/Cd 5 0.5, solid lines are for Ck/Cd 5 1.0, and dashed lines are for Ck/Cd 5 1.5.
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where Tt is the tropopause temperature (Tt 5 199.19K), DT5
Tb2Tt andB is a constant for sounding shape. Figure 4c shows

that (34) gives a moist neutral sounding in the troposphere as

B / ‘. The Jordan hurricane season sounding is shown by

the black line of Fig. 4c, which is close to the case with B 5
0.05Kkg J21.

Using (34) in (17), we have

V2 5
C

k

C
d

DT3 f12 exp[2B(s*2 s
0
*)]g(s

s0
* 2 s*). (35)

Repeating the procedure for finding sm* , we obtain

V2
m 5

C
k

C
d

DT3 f12 exp(2B(s
m
* 2 s

0
*))g(s

s0
* 2 s

m
*), (36)

FIG. 2. Lilly model results using the linear function T‘(s*)5Tb 2A(s*2 s0*) with f5 0 and g 5 0,A5 [0.7, 0.75,

0.8, 0.85, 0.9, 0.95, 1.0, 1.05, 1.1, 1.15] K2 kg J21 for the (a) radial profiles of the tangential winds and (b) normalized

tangential winds plotted against the normalized radius. Also shown are the (c) input functionT‘(s*) in colors, while

the dashed black line indicates 200K, the star denotes where theMm surface intersects with the sounding, the plus

sign indicates the intersection of the M surface across 2rm and the sounding, and the dot is where the M0 surface

intersects with the sounding; (d) maximum tangential windVm and radius rm plotted againstA; (e) profiles of ss*and

s*; and (f) profiles of the air–sea saturation entropy difference as a function of the normalized radius.
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where sm* satisfies

12 [11B(s
s0
* 2 s

m
*)] exp[2B(s

m
* 2 s

0
*)]5 0. (37)

Here sm* is obtained through solving (37) numerically. Since (23)

does not rely on the outflow temperature, it can be used to obtain

r
m
5
M

m

V
m

5
M

0

V
m

�
s
s0
*2 s

m
*

s
s0
*2 s

0
*

�Cd/Ck

. (38)

Figure 5 shows the numerical solutions of Vm and rm as a

function ofB using the default values ofM0, s0*, and ss0* provided

at the beginning of section 3. With increasing B, Vm increases

monotonically and asymptotes to a value of 77m s21, while rm
decreases first to around 18.28 km and then slowly asymptotes

to a value of 19.48 km. Figure 5 also shows that sm* decreases

with increasing B and asymptotes to s0*.

The relation amongB and the other variables (Vm and rm) in

the extreme cases with B / 0 and B / ‘ can be obtained

analytically. For B / 0, (35) becomes

V2 ffi C
k

C
d

DT3 f12 [12B(s*2 s
0
*)]g (s

s0
* 2 s*)

5
C

k

C
d

DT3B(s*2 s
0
*)(s

s0
* 2 s*), (39)

FIG. 3. As in Fig. 2, but for g 6¼ 0.
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which is exactly the same as (20) with DT 3 B replacing

A, and therefore (22) and (25) give, respectively, Vm ffi
(1/2) [(Ck/Cd)DT 3 B]1/2(ss0* 2 s0*) and rm ffi f[M0(1/2)

Cd/Ck ]/

[(1/2)(Ck/Cd)
1/2
(ss0* 2 s0*)]g(DT3B)

21/2
. As shown in Fig. 5, for

small B (,0.1Kkg J21), Vm increases with increasing B, while rm
has the opposite tendency. For B / ‘, we define ds*[ sm* 2 s0*

and Ds*[ ss0* 2 s0*, and assume ds* � Ds* (which will be ver-

ified below), so that (37) becomes

exp(Bds*) ffi 11BDs* ffi BDs*, (40)

which gives

ds* ffi ln(BDs*)/B . (41)

With lim
B/‘

(ds*/Ds*) ffi lim
B/‘

[ln(BDs*)/BDs*]/ 0, we find that

ds*� Ds* as assumed. This latter inequality can also be seen

from Fig. 5 for the sounding with B 5 50K kg J21, which

has ds*; 0.167 J kg21 K21, which is much smaller thanDs*;
83.87 J kg21 K21. With (41) and ds*� Ds*, (36) becomes Vm ffi
[(Ck/Cd)DT 3 Ds*]1/2, while (38) becomes rm ffi (Cd/Ck)

1/2[M0/

(DT 3 Ds*)1/2]. These solutions with B / ‘ show that both

FIG. 4. As in Fig. 2, but using the exponential function T‘ 5Tt 1DT3 exp[2B(s*2 s0*)] with f 5 0 and g 5 0,

B 5 [0.05, 0.08, 0.13, 0.2, 0.3, 0.5, 1.0, 5.0, 10.0, 50.0] K kg J21. The black line in (c) is the Jordan hurricane season

sounding.
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Vm and rm asymptotically approach constants, which is con-

sistent with Fig. 5 in the region whereB is large (.30Kkg J21).

After solving for sm* , the radial structure of the tangential

wind can also be determined. From (23), we have

s*5 s
s0
* 2 (s

s0
* 2 s

m
*)

�
M

M
m

�Ck/Cd

. (42)

Dividing (35) by (36) and using (38), we obtain

V2

V2
m

5
12 exp[2B(s*2 s

0
*)]

12 exp[2B(s
m
* 2 s

0
*)]

�
M

M
m

�Ck/Cd

. (43)

Setting ~V5V/Vm and ~r5 r/rm and replacing s* with (42),

the relation between ~V and ~r can be expressed by

~V2 5
12 expf2B[(s

s0
* 2 s

0
*)2 (s

s0
* 2 s

m
*)(~r ~V)Ck/Cd ]g

12 exp[2B(s
m
* 2 s

0
*)]

(~r ~V)
Ck/Cd,

(44)

with sm* known through solving (37). Profiles of ~V(~r) are

shown with B5 0.05 K kg J21 andB5 0.2 K kg J21 in Figs. 1c

and 1d, respectively. Though the shape of the exponential

sounding (B parameter) can modify the normalized tan-

gential wind profiles for all Ck/Cd, the dependence of the

normalized tangential wind profiles on Ck/Cd under differ-

ent B values (Figs. 1c,d) still has the same tendency as the

ER11 model (Fig. 1b). This indicates a universal depen-

dency of the normalized tangential wind profiles on Ck/Cd

such that a smaller Ck/Cd leads to a broader vortex regard-

less of the sounding shape except for close-to-neutral sound-

ings (Fig. 1e). In the limit of large B, the profiles shown in

Fig. 1e can be derived analytically. Using (41) and ds* � Ds*,
(44) becomes

~V2 5
12 expf2B[Ds*2 (Ds*2 ds*)(~r ~V)

Ck/Cd ]g
12 exp(2Bds*)

(~r ~V)Ck/Cd

ffi (12 expf2BDs*[12 (~r ~V)
Ck/Cd ]g)(~r ~V)

Ck/Cd . (45)

For ~r ~V, 1, the exponential term is small compared to unity

and (45) becomes ~V2 ffi (~r ~V)Ck/Cd so that

~V ffi (~r)(Ck/Cd)/(22Ck/Cd) , (46)

which is the normalized wind profile inside rm (~r, 1).

For ~r ~V; 1, the term of 2BDs*[12 (~r ~V)Ck/Cd ] is small

enough that the approximation ex ffi 1 1 x can be used in (45)

to obtain

~V2 ffi BDs*[12 (~r ~V)
Ck/Cd ](~r ~V)

Ck/Cd. (47)

Rearranging (47) to obtain

~VCk/Cd ffi ~r2Ck/Cd 2
~V(22Ck/Cd)

BDs*~r(2Ck/Cd)
, (48)

one sees that, for BDs*� 1, the second term on the right-hand

side of (48) is very small so that (48) becomes

~V ffi ~r21 , (49)

which gives the normalized wind profile outside rm (~r. 1).

Note that (49) has no dependence on Ck/Cd. The profiles of
~V(~r) from (44) with B 5 50Kkg J21 in Fig. 1e are almost

identical to the approximate solution (46) and (49) in Fig. 1f,

which confirms that the approximations in (45)–(49) are valid

for close-to-neutral soundings.

Though the sensitivities of ~V(~r) to B for intermediate values

cannot be directly seen through the complicated expressions of

(37) and (44), the numerical results from the Lilly model with

Ck/Cd5 1, f5 0, g5 0 and varying exponential profiles (34) are

presented in Fig. 4. Using the exponential function (34) allows

the existence of a tropopause and a continuous s* (Fig. 4c). As

shown in Fig. 5, the dependence of Vm on B has the same trend

as solutions for the linear outflow temperature sounding (19)

in that Vm } B for small B; however, rm is almost independent

of B (Fig. 4d). Unlike the solutions for a linear outflow tem-

perature sounding (Figs. 2e,f), Figs. 4e and 4f show that s*

in the normalized-radius coordinate changes with B such that

the air–sea disequilibrium increases with increasing B and

the normalized tangential wind profiles (Fig. 4b) for r/rm . 1

narrow to the asymptotic limit given by (49).

Given that the analytic solutions for the exponential sounding

case with f 5 0 and g 5 0 are already complicated enough, we

will use only numerical solutions of theLillymodel to investigate

the more realistic cases with f 6¼ 0 and g 6¼ 0 in section 4.

4. Steady-state TC structure and intensity sensitivities
to the outflow-temperature profiles and
boundary conditions
In this section, we will investigate the solution sensitivities

of the Lilly model by varying one parameter at a time using

the exponential outflow-temperature profile (34). Though the

changes of the parameters are most likely correlated (e.g., a

change of sea surface temperature should change the boundary

layer and tropopause temperatures), changing each parameter

separately is helpful for understanding the role of each in TC

structure and intensity. The sensitivities tested here are based

FIG. 5. Analytic solutions of sm* (black), Vm (red), and rm (blue) as a

function ofB fromEqs. (36)–(38) using the default inputs.Vm and rm share

thesameyaxisonthe left,while sm* and s0*share thesameyaxisontheright.
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on a TC at steady state; the influence of these parameters

during the development stage is not considered.

The basic parameter values are Tb 5 269.87K, Tt 5 199.19K,

s0*5 5856:26 J kg21 K21, ss0* 5 5940:13 J kg21 K21, M0 5 1.5 3
106 m2 s21, f 5 5 3 1025 s21, g 5 0.0056K21, and B 5
0.05K kg J21. These values are used as default setups in this

section except for the varying parameter specifically pointed

out for the purpose of testing its sensitivity.

a. Solution sensitivity to exponential sounding profiles
To test the sensitivity of exponential sounding profiles, the

sounding shape parameter B is varied. Figure 6 shows the nu-

merical solutions of the Lilly model using the exponential

profile (34) with f 6¼ 0 and g 6¼ 0. In comparison to Fig. 4,

including the Coriolis effect changes the tangential wind

profile at the outer radius and makes the tangential wind

vanish at a radius of 240 km for the givenM0 (Fig. 6a), while

allowing ss*to increase with decreasing radius mainly affects

the inner-core tangential wind inside 3rm (cf. Figs. 4e, 6e).

The air–sea disequilibrium can even increase with decreas-

ing radius and maximizes near rm when B is large enough

(Fig. 6f). The normalized tangential wind profiles and the

magnitudes of the maximum tangential wind (Figs. 6b,d)

have a similar dependence on B as in the case with f 5 0

and g 5 0 (Figs. 4b,d). The profiles of T‘(s*) have a role

in determining the normalized tangential wind profiles such

FIG. 6. As in Fig. 4, but for f 6¼ 0 and g 6¼ 0.
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that the smaller the B, the broader the vortex outside

rm (Fig. 6b).

b. Solution sensitivity to M0

The sensitivity of the solutions toM0 is shown in Fig. 7. The

different M0 represents different TC sizes since it determines

the outer radius r0 through (6). The radial profiles of tangential

winds in physical space vary with different M0 at all radii

(Fig. 7a); a larger M0 represents a larger storm. The nor-

malized tangential wind profiles share the same inner-core

structure while the Coriolis effect on the outer-core wind

profile makes the normalized structure differ (Fig. 7b). But

according to section 2, the Lilly model is not applicable to

these outer radii since the motion is downward and unsatu-

rated there. The temperature difference of (Tb 2 T‘) and the

air–sea disequilibrium of (ss*2 s*) do not vary with different

M0 in the normalized radius coordinate (Figs. 7c,e,f). As

predicted by the classic maximum potential intensity (E86)

theory, other things being equal, all the variations in Mm are

accounted for by rm (Fig. 7d).

c. Solution sensitivity to ss0*

Figure 8 presents the sensitivity of the solutions to

the saturation sea surface entropy ss0* . The change of dss0*

FIG. 7. As in Fig. 6, but for the solution sensitivity to M0 in the Lilly model using the exponential function

T‘ 5Tt 1DT3 exp[20:05(s*2 s0*)], M0 2 [1.5, 3.3] 3 106m2 s21 with an interval of 0.2 3 106m2 s21.
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indicates the deviation from the default value. Varying

ss0* mainly changes the air–sea disequilibrium (Figs. 8e,f)

and slightly changes the outflow temperature of Mm

(Fig. 8c). The tangential wind profile response is an in-

crease near rm with increasing ss0* (Fig. 8a). Outside 2rm, the

difference of the air–sea disequilibrium is weakened by

the small temperature difference [(Tb 2 T‘) ; O(1) K]

such that the tangential wind profiles exhibit negligible

differences (Fig. 8a). The maximum intensity increases

with rising sea surface temperature (Figs. 8a,d) as pre-

dicted by previous studies (Holland 1997; Emanuel 2005;

Bengtsson et al. 2007). It is also seen that varying ss0* only

slightly changes the normalized tangential wind profiles

(Fig. 8b).

d. Solution sensitivity to Tb and Tt

Similar to changing ss0* , the sensitivities of the solutions to Tb

and Tt, respectively, are examined by varying Tb and Tt with

dTb and dTt indicating the deviations from their default values.

The sensitivity of the solutions to Tb and Tt, respectively, lies in

the tangential wind magnitude near rm (Figs. 9a,b). It is shown

in Figs. 9c and 9d that the temperature difference (Tb 2 T‘)

near rm increases with increasing Tb or decreasing Tt, hence

the tangential wind near rm increases with increasing Tb or

FIG. 8. As in Fig. 7, but for the solution sensitivity to ss0* , dss0* 2 [26, 12] J kg21 K21 with an interval of

2 J kg21 K21.
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decreasing Tt (Figs. 9e,f) according to (6). A larger Tb in-

creases the temperature difference (Tb 2 T‘) at all radii.

However, T‘ changes with Tb in the same way according to

(34) and cancels most of the variation in (Tb 2 T‘) due to

dTb at the outer radii, which is the reason for the sensitivity

in V(r) only occurring near rm. The insensitivity of outer-

radii wind to Tt is because T‘ of the outer radii changes

with Tt to a much lesser extent, which slightly increases

(Tb 2 T‘). But at the same time, s* changes in a way to

cancel the effect due to the T‘ change (Fig. 9d) such that

the wind remains nearly unchanged.

Similar to the ss0* sensitivity results, the corresponding nor-

malized wind profiles (not shown) are only slightly different

from each other. Note that the Mm surface actually cannot

FIG. 9. Solution sensitivity to (left) Tb and (right) Tt in the Lilly model using the exponential function

T‘ 5Tt 1DT3 exp[20:05(s*2 s0*)]. (left) dTb 2 [0, 9] K with an interval of 1 K. (right) dTt 2 [24, 5] K with

an interval of 1 K. Shown are (a),(b) the radial profiles of the tangential winds; (c),(d) the input function

T‘(s*) in colors, while the black line indicates the Jordan hurricane season sounding, the star denotes where

the Mm surface intersects with the sounding, the plus indicates the intersection of the M surface across 2rm
and the sounding, and the dot is where the M0 surface intersects with the sounding; (e) maximum tangential

wind Vm and radius rm plotted against dTb; and (f) maximum tangential wind Vm and radius rm plotted

against dTt.
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reach the tropopause temperature in exponential soundings,

but the outflow temperature to which Mm asymptotically

approaches is positively correlated to Tt (Fig. 9d).

5. Comparison of solutions between a full-physics model
and the Lilly model
In section 4, we explored the sensitivity of the steady-state

tropical cyclone structure and intensity in the Lilly model using

the exponential profile, (34). To test the applicability of the

Lilly model to more realistic TC conditions, we will compare

the solutions from a full-physics numerical model and the Lilly

model in this section.

a. Full-physics model setup

The axisymmetric, nonhydrostatic Cloud Model, version 1

(CM1; Bryan and Rotunno 2009b), is used in this study to

simulate quasi-realistic TCs. The domain size is 1500 km in

radius with a stretched grid: 1-km grid spacing for r , 300 km

and linearly stretched to 15-km grid spacing at r5 1500 km for

r$ 300 km. The vertical grid length varies from 50 to 200m for

z , 5 km and is fixed at 200m for z $ 5 km. There are total of

140 vertical levels. The lowest model level is at 25m above the

surface and the highest model level is at 25 km. The Coriolis

parameter is a constant with f 5 5 3 1025 s21. The sea surface

temperature is fixed at 288C, while the Jordan hurricane season

sounding is used to initialize the simulations. Constant Ck and

Cd 5 1023 are applied. The vertical and horizontal turbulent

mixing lengths are 100 and 1000m, respectively.

b. Initial conditions and CM1 simulation results

The initial radial profiles of surface tangential wind are

shown in Fig. 10a, which are the same as those used in Tao et al.

(2020). There are three different rm values (60, 90, and 120 km,

respectively) and two different wind-skirt parameters (Bs5 1.0

and 0.75, respectively, a smaller Bs produces a broader radial

profile). The initial maximum surface wind is 20m s21 for all

simulations, while the initial tangential winds all vanish at r 5
1500 km. After normalization, the six wind profiles collapse to

two discrete normalized profiles separated by the wind-skirt

parameter Bs (Fig. 10b).

The evolution of maximum tangential wind at z5 1.55 km is

shown in Fig. 11a. The smaller TCs develop faster than the

larger TCs (Xu andWang 2018), while the ending intensities of

the smaller TCs are weaker than those of the larger TCs. The

relation between the steady-state rm andVmwas studied in Tao

et al. (2020), which shows that the larger rm corresponding to a

larger Vm is due to the effect of turbulent mixing. The steady-

state tangential wind structure is drawn from the mean of the

last 24 h of each simulation (Fig. 11b). Though the steady-state

radial profiles of the tangential winds (Fig. 11b) corresponding

to the different initial profiles (Fig. 10a) differ, their normal-

ized profiles approximately settle to one structure especially

inside 4rm (Fig. 11c).

c. Comparison between the Lilly model and the CM1 results
Since the Lilly model requires a thermodynamic sounding

T‘(s*) such that s* monotonically increases with decreasing

temperature, the height of the boundary layer top, defined by

the minimum s*, will be the top of the shallow convective layer

in practice (E04). The disadvantage of this requirement is that

the depth of the boundary layer (Fig. 12c) will be much higher

than that from the traditional definition. Another point worth

mentioning is the selection of the thermodynamic sounding

location. L79 and L86 assumed that T‘(s*) can be taken from

an unperturbed TC environmental sounding. However, in view

of the discussion in section 2, we expect that the outflow tem-

perature sounding evolves to be consistent with (2). The se-

lected location of the sounding in ER11 is where the tangential

wind vanishes in the outflow. Here we will adopt a similar

strategy by choosing the sounding to be where the boundary

layer–top tangential wind V 5 0 in the Lilly model, i.e., at

r0 5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2M0/f

p
, and proceed to solve for the Lilly model [(6), (7),

(15), and (16)] starting from the minimum s* (Fig. 12c). Because

M does not changemuch outside 4rm in the Lillymodel solutions

(not shown), we select M0 equal toM at r 5 4rm from the CM1

simulations. This choice also considers the fact that large-scale

radiative subsidence dominates the outer-core tangential wind

profiles (E04). Given the inputs of ss0* , s0*, g, and Tb from the

CM1 simulations at the outer radius r0 5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2M0/f

p
,M, ss*, r, and

T‘ are solved for iteratively from r0 using the Lilly model.

Figure 12 shows a comparison between the Lilly model

and CM1 solutions. Generally speaking, the Lilly model re-

produces the CM1 rm but underestimates Vm (Figs. 12a,d).

Figure 12b shows that the normalized tangential wind profiles

from CM1 and the Lilly model match quite well in the region

FIG. 10. (a) Radial profiles of the initial tangential winds used in

CM1 simulations and (b) normalized initial tangential wind profiles

plotted against the normalized radius. All profiles are from the

lowest model level (z 5 25m).
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between 2rm and 4rm, while inside 2rm and outside 4rm, the

Lilly model tends to produce weaker tangential winds. As

discussed in section 2, the tangential wind profiles outside 4rm
in real and simulated TCs should be controlled by radiative

subsidence, while the Lilly model only applies in the inner core

(inside 4rm). In addition, the important processes of super-

gradient wind, turbulent mixing and evaporative cooling caused

by strong downdrafts right outside the eyewall region are not

included in the Lilly model, which cause discrepancies between

the Lilly model and CM1 for tangential wind profiles inside

2rm. The difference between the values of steady-stateVm from

CM1 and the Lilly model can vary from 16% (R60Bs1.0) to

35% (R120Bs0.75), which is consistent with the supergradient

ratio discussed in Tao et al. (2020). Figure 12d shows that

though the maximum tangential winds from the Lilly model

are systematically weaker than the CM1 results, the radius of

maximum wind is well captured by the Lilly model.

With the radial distribution of the boundary layer top M,

ss*, and s* from the Lilly model, the thermodynamic sounding

and the constraint fromM and s* conserved along streamlines,

and using (6), we can obtain the radius and temperature on

M and s* surfaces above the boundary layer as well as the

balanced portion ofM surfaces inside the boundary layer. The

vertical cross sections of tangential winds, entropy and M dis-

tributions in a temperature-radius coordinate are shown for the

two extreme members (smallest storm: R60Bs1.0; largest

storm: R120Bs0.75) from both models (Fig. 13). The temper-

ature coordinate acts as a height coordinate since it mono-

tonically decreases with height below the tropopause. The

20 and 30m s21 contours in these two cases are very similar

between the CM1 results (left column of Fig. 13) and the Lilly

model results (right column of Fig. 13). As seen in the CM1

results, the Lilly model results also exhibit a steeperMm in the

R60Bs1.0 case than that in the R120Bs0.75 case. While the

tangential winds of the Lilly model solutions near Mm are all

weaker than the CM1 results at all heights due to weaker in-

tensity near rm, it is quite clear that the Lilly model captures

the size of the storm, the slope of theM surfaces as well as the

outflow temperature to which Mm asymptotes. Nevertheless,

the stratification of M on outflow temperature is clearly seen

fromFigs. 13b and 13d. Generally speaking, the Lilly model is a

plausible approach for the steady-state TC structures and in-

tensities given its simple governing equations, which are easier

to understand mathematically and physically.

d. The validity of (2) in the CM1 results
As discussed in section 2a, the original L79 and L86 use the

unperturbed environmental sounding for T‘(s*). However, (2)

indicates the internal connection betweenT‘(s*) and the storm

circulation, which means T‘(s*) should be determined by the

storm itself, similar in concept to ER11, although according to

(2), it is the boundary layer that sets T‘(s*), rather than the

mixing in the TC outflow region as proposed in ER11.

Following the discussion in section 2a, for the flow rising out of

the boundary layer (which is assumed to have s*5 s above the

boundary layer), (2) implies an internal consistency between

T‘ and the distributions of s* and E 1 (1/2)fM ‘‘upstream’’

such thatT‘(s*)5 d[E1 (1/2)fM]/ds*. To evaluate the validity

FIG. 11. (a) Time evolution of the maximum tangential winds at

z 5 1.55 km, (b) the radial profiles of the tangential winds at z 5
1.55 km averaged from the last 24 h of the simulations (steady

state), and (c) the normalized steady-state tangential winds plotted

against the normalized radius at z 5 1.55 km.
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of (2), theE1 (1/2)fM and actual s surfaces from the two CM1

simulations are shown in Figs. 14a and 14b as well as the tra-

jectory that passes through rm; it is clear that the E 1 (1/2)fM

and s surfaces are congruent over some distance surrounding

the specified trajectory on which s* ffi s. This congruency en-

sures that d[E1 (1/2)fM]/ds* is at least approximately constant

along an s* surface. To further investigate the validity of (2),

Figs. 14c and 14d show E 1 (1/2)fM as a function of s* along

two cross sections: one is a vertical section at some radius inside

r0 (i.e., in the outflow region, ‘‘downstream’’), while the other

is a horizontal section in the eyewall-updraft region (i.e., near

the boundary layer top ‘‘upstream,’’ defined by the minimum s*

level in the temperature profile at r0 as shown in Fig. 12c). In both

small- and large-storm cases, the dependence of E 1 (1/2)fM on

s* is qualitatively the same at these two different sections, al-

though there is a net reduction of E 1 (1/2)fM on the same

s* surfaces going from the upstream to the downstream sec-

tion (which may indicate small-scale mixing and energy

loss between these locations, possibly consistent with ER11).

The direct calculation of d[E1 (1/2)fM]/ds* has large artificial

oscillations due to the uneven distribution and small number

of data points in the model grids for the air rising out of

the boundary layer. To avoid the unwanted fluctuations

and obtain a smoother d[E 1 (1/2)fM]/ds*, a sixth-degree

polynomial is fit to the data points shown in Figs. 14c and 14d.

The evenly distributed [E 1 (1/2)fM](s*) is obtained for a

1 J kg21 K21 interval in s* using the fitted polynomial; d[E 1
(1/2)fM]/ds* is calculated from a seven-point linear regression

of the fitted data. Figures 14e and 14f show that the upstream

d[E 1 (1/2)fM]/ds* in the outflow region (vertical yellow lines

in Figs. 14a,b) agrees quantitatively well with the temperature

sounding at r0 and that both are significantly different from the

unperturbed environmental sounding (the Jordan sounding). We

note that T‘(s*) calculated from the upstream d[E1 (1/2)fM]/ds*

at the boundary layer top (horizontal yellow lines in Figs. 14a,b)

exhibits a larger discrepancy with the temperature sounding

at r0. We also note that this discrepancy is somewhat larger

for R60Bs1.0 compared with R120Bs0.75, which could be the

result of the low resolution in the eyewall region given the

very small storm in the R60Bs1.0 case (only four data points

in the eyewall-updraft region). Nevertheless, the dependence

of d[E 1 (1/2)fM]/ds* on s* is captured qualitatively in the

FIG. 12. Shown are the (a) radial profiles of tangential winds at the height of minimum s* in the sounding T‘(s*)

with (dashed lines for the CM1 results and solid lines for the Lilly model results); (b) normalized version of (a) using

CM1Vm and rm (black lines for the CM1 results, colored lines for the Lilly model results); (c) input function T‘(s*)

used in the Lilly model (colored lines): black lines are the soundings at r0 in the CM1 simulations, the Jordan

sounding is in magenta color, the star denotes where the Mm surface intersects with the sounding, the plus sign

indicates the intersection of the M surface across 2rm and the sounding, the cross shows the intersection of the

M surface across 4rm and the sounding, and the dot is where the M0 surface intersects with the sounding; and

(d) Lilly model Vm and rm plotted against CM1 Vm and rm.
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upstream locations in both cases. Figure 14 adds weight to

the idea that TCs are modifying their downstream outflow

in such a way that T‘(s*) is close to d[E 1 (1/2)fM]/ds*.

Finally, we note that the effect of the environment on the

outflow temperature profile is through the height of the tro-

popause. The physical constraint is that the air cannot rise

much above the tropopause level. Denote by sm* the s* surface

that starts at location of Vm(rm, pm) and asymptotically

reaches a height p‘(sm*) for r � rm in the outflow region.

Conservation of sm* implies

c
p
lnT

m
1
L

o
q
m

T
m

2R lnp
m
5c

p
lnT

‘
(s

m
*)1

L
o
q
‘
(s

m
*)

T
‘
(s

m
*)

2R lnp
‘
(s

m
*),

(50)

where (Tm, pm, qm) and (T‘, p‘, q‘) are the temperature,

pressure, andmixing ratio at (rm, pm) and in the outflow region,

respectively. The tropopause constraint makes p‘(sm*) approxi-

mately equal to the environmental tropopause pressure (;153hPa

in the CM1 simulations) so that T‘(sm*) can be obtained from (50)

given (Tm, pm, qm). For example, from simulation R120Bs0.75,

Tm’ 288K, pm’ 774hPa, and qm’ 14.3 gkg21 at the boundary

layer top (z 5 1.55km) with p‘(sm*)’ 153 hPa and q‘(sm*) ne-

glected in the outflow region, (50) gives T‘(sm*)’ 206K, which is

close to the T‘(sm*) (210K) in the simulation. In general, Tm, pm,

and qm are not known without a complete theoretical treatment

of the boundary layer, but the information must be contained

in (2) since

T
‘
(s

m
*)5

d E1
1

2
fM

� �

ds*
j
s*5sm*

. (51)

Further research on the determinants of the relation among

s*, M, and E through a boundary layer model and the rela-

tive contributions to T‘(s*) from outflow turbulent mixing is

suggested.

6. Summary
This work revisits the steady-state axisymmetric tropical

cyclone theory developed by D. K. Lilly. The Lilly model uti-

lizes the gradient wind and hydrostatic balance with M and s*

conserved along streamlines to constrain the storm’s dynamic

and thermodynamic structures between the boundary layer

top and the upper-level outflow downstream at large radii.

FIG. 13. Entropy surfaces (shading, actual entropy for CM1 results and saturation entropy for the Lilly model

results), tangential winds (black contours), M surfaces (thin red contours, unit: 106 m2 s21), and Mm (thick red

contour) in temperature–radius coordinate. (a),(b) R60Bs1.0; (c),(d) R120Bs0.75. (left) The results from CM1;

(right) the results from the Lilly model. The red dashed lines in the right column denote the M surfaces that pass

across 4rm at the boundary layer top. The horizontal dottedmagenta lines in the right column indicate theminimum

s* levels shown in Fig. 12c.
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For further understanding of this model, following Lilly, we

reproduce and somewhat generalize his original analytic so-

lutions for simplified cases. The dependence of the steady-state

maximum intensity on the thermodynamic sounding is clearly

seen even in the simplest case of a linear function, (19), with

constant sea surface saturation entropy and no Coriolis term.

Sensitivity tests using an exponential sounding and the full

Lilly model show that reasonable variations of the parameters,

ss0* , s0*, Tt, and Tb, can only modify the tangential wind profile

near the radius of maximum wind, while the change of initial

input M0 can alter the tangential wind profile at all radii in

physical space but not near the radius of maximum wind in the

normalized space. The most interesting finding is that the nor-

malized tangential wind profiles can only be changed by the

shape of the thermodynamic sounding (the B parameter in ex-

ponential soundings) and supports the discussion of this point in

ER11 (p. 2237). Adjusting other parameters only produces

negligible differences in the normalized tangential wind profiles.

To test the versatility of the Lilly model in representing

more realistic steady-state TCs, we also performed a compar-

ison between the steady-state tangential wind radial structures

from the Lilly model and those from the axisymmetric CM1

simulations.Generally speaking, the results indicate that theLilly

model can capture most of the inner-core characteristic features

of different steady-state TCs not only at the boundary layer top

but also vertically extending to the top of the troposphere.

Finally, the fundamental assumption of the Lilly model is

that the outflow profile T‘(s*) is given, which greatly simplifies

the mathematical problem. The original L79/L86 assume

T‘(s*) is set by the unperturbed environment. On further

consideration of the governing Eq. (1), it is deduced here

that T‘(s*) is determined internally through the relation (2),

the validity of which has been fortified by the evidence from

the CM1 simulations in section 5d. At the same time, the en-

vironmental constraint on T‘(s*) comes from the tropopause

height which, through the conservation of s*, determines

T‘(sm*). This T‘(sm*) in turn is identical to (2) for a steady-state

solution, as discussed in section 5d. We believe the present

exposition of the Lilly model provides a clearer understanding

of the role of the outflow temperature profile T‘(s*) in axi-

symmetric, steady-state TC models.

Given the highly idealized assumptions, there are some

further caveats to keep in mind with respect to the Lilly

model. One limitation is that the sounding of T‘(s*) needs

to be monotonically decreasing with increasing s*, which

leads to an unrealistic boundary layer depth (indicated by

the dot magenta lines in Figs. 13b,d). Another limitation

(shared by ER11) is that the assumptions of gradient wind

and hydrostatic balance preclude supergradient winds.

These deficiencies notwithstanding, we believe the Lilly

model is a useful approach to access the essence of steady-

state TC structures. The discrepancies between the Lilly

model and CM1 results as well as the potential connection

between the T‘(s*) in the TC outflow region and the T‘(s*)

in the unperturbed environment will be investigated in a

follow-up study.

FIG. 14. (a),(b) Vertical cross sections of actual entropy s (shading), E 1 (1/2)fM (black contours, unit: 105 m2 s22), and the trajectory

that passes through the radius of maximum wind at 1.55 km (thick red line); the thick yellow lines indicate the cross sections where the

data in (c) and (d) are from. (c),(d)E1 (1/2)fM as a function of s* from the horizontal (triangle) and vertical (plus) yellow lines in (a) and

(b); the blue lines indicate the sixth-degree polynomial fit. (e),(f) Vertical temperature profiles at r0 (black lines), d[E 1 (1/2)fM]/ds*

calculated from fitted polynomial in (c) and (d) (red lines for the vertical profile, blue lines for the horizontal profile); the unperturbed

environmental (Jordan) sounding is shown in magenta. Rows show results for (a),(c),(e) R60Bs1.0 and (b),(d),(f) R120Bs0.75. All

calculations are from the CM1 simulations.
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